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. Scaling behaviour in

° the dynamics of
*  an economic index
2 Rosario N. Mantegna & H. Eugene Stanley

Yy Center for Polymer Studies and Department of Physics,
y Boston University, Boston, Massachusetts 02215, USA

| THE large-scale dynamical properties of some physical systems
depend on the dynamical evolution of a large number of nou.lh‘nearly
coupled subsystems. Examples include systems that exhibit self-
organized criticality’ and turbulence’’. Such systems tend to
exhibit spatial and temporal scaling behaviour—power-law behav-
) iour of a particular observable. Scaling is found in a wide range
of systems, from geophysical® to biological®. Here we explore the
possibility that scaling phenomena occur in economic sy:stems—
especially when the economic system is one subject to precise rules,
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FIG. 1 a, Probability distributions P(Z) of the S&P 500 |ndex0\/°zir|atlogs -
Z(t) observed at time intervals At, which range from 1 to 1,000 min. By Q
i ing At, a spreading of the Y N
ofa randorﬁ walk is observed. b, Probability of return P(0) <I>f Z(l? ?‘sa: 5
{ i ing il ling power-law behav- &>
ction of the time sampling intervals At. A scal € g
:zzr is observed for time intervals spannmg_, ;!;rieoo‘r)dzesrs Boyf :;_Ianggn::S: =
f ight line is —O0. .025. -
The slope of the best-fit straight line is e
i i in the index ¢ =1.40+0.05 characteriz:
tion (2), from this value we obtain the SR
ing the Lévy distribution. Typical estimated errors al Vo .
‘pni%tt of th:y probability distributions shown in ai_ Agh ‘mes?:rt: :;.?:r?:ief &ij
] - S .
the At=1 min distribution by using the scaling tran ALY
g:uat?ons (3a) and (3b), with @ =1.40. The pplnls ou_tsnde the average % . — - -
behaviour define the noise level of that specific distribution. 10 7

i in financial markets®™®. Speciﬁcnll):, we show th{lt
xeic:,h'enga:?the probability distribution of a pam?ular economic
index—the Standard & Poor’s 500—can be described by a ;\t‘)::;

aussian process with dynamics that, for the central part of
Sistribut to that predicted for a Lévy stable
D R e e R T e o e

processes have quite similar statistical properties in the high-
frequency regime. — -

3\’5 have undertaken a statistical study of timescales as sfhort
as 1 min, a value close to the minimum time nec(_ied to perform
a transaction in the market. Specifically, we investigate klhe
dynamics of a price index-of one of the largest ﬁna‘?,cxal‘rfx eLtf
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logyo P(2)

1,000 min. The number of data in each set decreases from the
maximum value of 493,545 (Az=1 min) to the minimum value
of 562 (Ar=1,000 min).

. Figure la s a semilogarithmic plot of P(Z) obtained for seven
different values of At. As expected for a random process, the
distributions are roughly symmetrical and are spreading when
At increases. We also note that the distributions are leptokurtic,
that is, they have wings larger than expected for a normal pro-
cess. A determination of the parameters characterizing the distri-
butions is difficult if one uses methods that mainly investigate
the wings of distributions, especially because larger values of At
imply a reduced number of data.

Therefore we use a different approach : we study the ‘probabil-
ity of return’ P(Z=0) as a function of At. With this choice we
investigate the point of each probability distribution that is least
affected by the noise introduced by the finiteness of the experi-
mental data set. In Fig. 15, we show P(0) versus At in a log-
log plot. The data are fitted well by a straight line of slope
—0.712£0.025. We observe a non-normal scaling behaviour
(slope—0.5) in an interval of trading time ranging from 1 to
1,000 min. This experimental finding agrees with the theoretical
model of a Lévy walk or Lévy flight>". In fact, if the central
region of the distribution is well described by a Lévy stable
symmetrical distribution,

L2, At)EiJ‘ exp (—yAtg®) cos (¢Z)dq (¢))
o

of index a and scale factor y at Ar=1, where exp (—yArlq|®) is
the characteristic function of the symmetrical stable process,
then the probability of return is given by

L(1/a)

P(0)=L,(0, Ar) ea(yAD7 @)
where T is the Gamma function. By using the value
—0.712+0.025 from the data of Fig. 15 we obtain the index a =
1.40+0.05.

We also check if the scaling extends over the entire probability
distribution as well as Z=0. To this end, we first note that

Lévy stable symmetrical distributions rescale under the trans-
formations

z
L=y (3a)
and
_Ld(Z, Ay
Lo(Z,, 1)—“(&)_,,“ (3b)

Figure 1c shows the distributions of Fig. la plotted in scaled
variables. All the data collapse on the Ar=1 min distribution
when we use equations (3a) and (3b) with o =1.40, From Fig.
lc we conclude that a Lévy distribution describes well the

48

*1’
l
|

FIG. 2 Comparison of the At=1 min probability distribution with the
symmetrical Lévy stable distribution of index « =1.40 and scale factor
¥ =0.00375 (solid line). The scale factor y is obtained from equation
(2) by using the experimental values of a and P(0). The dotted line
shows the gaussian distribution with standard deviation o equal to the
experimental value 0.0508. The variations of price are normalized to
this value. Approximately exponential deviations from the Lévy stable
profile are observed for |Z|/c > 6.

dynamics of the probability distribution P(Z) of the random
process over time intervals spanning three orders of magnitude.

In Fig. 2, we compare the probability distribution observed
for Ar=1min with the Lévy stable distribution of index o =
1.40. Note that the solid line is not simply a ‘fit’ to the data;
rather, the appropriate scale factor y =0.00375 is obtained by
using the experimental value of P(0) and equation (2). A good
agreement with the Lévy (non-gaussian) profile is observed for
almost three orders of magnitude when |Z|/c<6 and an
approximately exponential fall-off from the stable distribution
is observed for |Z| /o2 6; here ¢ =0.0508 is the standard devia-
tion. Our results show a clear deviation of the tails of the distri-
bution from the Lévy profile.

The Lévy distribution has an infinite second moment @f
@<2). But our experimental finding of an exponential (or
stretched exponential) fall-off implies that the second moment
is finite, thereby resolving the question of how one could get
around the problem of an infinite variance if the Lévy distribu-
tion is used to describe the price difference distribution®*, This
conclusion might at first sight seem to contradict our observation
of Lévy scaling of the central part of the price difference distribu-
tion over fully three orders of magnitude. However, there is no
contradiction, because (for example), a recent study?’ finds that
Lévy scaling may hold over a long period of time for the dynam-
ics of ‘quasi-stable’ stochastic processes having a finite variance.

By using the Berry-Esseen theorem®?, we can estimate that
the maximal time needed to observe convergence for the price
differences to a gaussian process is of the order of 1 month. This
estimate is obtained by using the experimental values of Az
and (Z?) observed in the high-frequency regime (for example
at Ar=1minute). For our data set, we measure z]P>=
0.605x 107 and (Z*)=0.00257, and we set an upper bound of
the difference between the integral of the distribution and the
corresponding asymptotic normal process of 0.1. Our estimate
of roughly 1 month is in agreement with an independent empir-
ical study of the distribution of daily, weekly and monthly
returns, for which a progressive convergence to a gaussian
process is found™.

We also investigate the scaling properties of P(0) within each
year to determine if the scale index a is highly fluctuating from
year to year. The results of this analysis are shown in Fig. 3.
We also show the line best fitting P(0) of the entire set of data,
In different years, the graph of P(0) is always parallel to the
overall behaviour (dotted line) in a log-log plot. This implies
that the index « is roughly constant over the years. The scale
factor y (related to the vertical position of data in F; ig. 3) varies
somewhat from year to year. It is higher (lower positions of the
experimental points in the figure) for periods of higher ‘volatility”
(an economic term indicating higher values of the variance of the
price variations). When the same analysis is performed monthly,
similar conclusions are obtained: « is roughly constant (@ =

NATURE - VOL 376 - 8 IIlY 100K
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Turbulent cascades in foreign
exchange markets

S. Ghashghaie*, W. Brey t, J. Peinket, P. Talkner§
&Y. Dodge|
* Firster 4, 4053 Basel,

1 Institute fiir Physik der Universitat Basel, 4056 Basel, Switzerland

§ Experimentalphysik Il, Universitat Bayreuth, 95440 Bayreuth, Germany
§ Paul Scherrer Institut, 5232 Villigen, Switzerland
|| Groupe de Statistit Université de ! atel, 2000 Neuchétel,
Switzerland

THE availability of high-frequency data for financial markets has
made it possible to study market dynamics on timescales of less
than a day'. For foreign exchange (FX) rates Miller ef al.” have
shown that there is a net flow of information from long to short
timescales: the behaviour of long-term traders (who watch the
markets only from time to time) influences the behaviour of
short-term traders (who watch the markets continuously). Moti-
vated by this hierarchical feature, we have studied FX market

767

homogeneous isotropic turbulence in three
spatial dimensions™. It provides a mechanism

» for dissipating large amounts of energy in a
viscous fluid. Energy is pumped into the system
at large scales of the order of, say, metres (by a
moving car or a flying aeroplane) or kilometres
(by meteorological events), transferred to smaller
scales through a hierarchy of eddies of decreasing
sizes, and dissipated at the smallest scale—of the
order of millimetres in the above examples. This
cascade of kinetic energy extending over several
orders of magnitude generates a scaling
behaviour of the eddies and manifests itself in
a scaling of the moments ((Av)") of Avas (Ar)*"
(refs 5,6). Here the angle brackets () denote the
mean value of the enclosed quantity and Av is the
difference of the velocity component in the direc-
tion of the spatial separation of length Ar. Under
the assumption that the eddies of each size are
space-filling and that the downward energy flow is
homogeneous, {, =n/3 (ref. 8). The probability
densities P, (Av) are then scale invariant. This
means that if the velocity differences are nor-
malized by their respective standard deviation,
the resulting standardized probability densities do
not depend on Ar. But for 2 > 3, experimentally
determined values of {, follow a concave curve
definitely below the (¢, = n/3)-line (Fig. 2b). The
dependence of the standardized probability den-
sity on Ar also provides evidence that eddies of a
given size are not space-filling but rather fluctuat-
ing in space and time in a typical intermittent way
(Fig. 1b).

Our analyses of FX markets are based on a data
set provided by Olsen and Associates containing
all worldwide 1,472,241 bid-ask quotes for US
dollar-German mark exchange rates which have
emanated from the interbank Reuters network
from 1 October 1992 until 30 September 1993.
From these data we have determined the
probability densities of price changes P,,(Ax) with
time delays At varying from five minutes up to
approximately two days, which are displayed
in Fig. la. In comparison, Fig. 1b shows
the analogous turbulent probability densities
Py (Av), which exhibit the same characteristic
features. Using the probability density Py (Ax),
the information acquired by observing the market
after a time Ar can be quantified as 7(Ar) =
— [ Pu(Ax)log P, (Ax)d(Ax). Tt turns out that
the dependence of this information on At is
directly related to the scaling of the variance of
Ax with Ar. In turbulence, on the other hand,

768

Pat (Ax)

o

PA r (AV)

B L R

2

the variance of the velocity differences at a distance Ar is propor-
tional to the mean energy which is containéd in an eddy of size Ar.
This further supports the proposed analogy between energy and
information.

Given the analogy between turbulence and FX market
dynamics, we expect the moments of FX price changes to scale
with the time delay as ((Ax)") oc (Ar)*. Scaling has already been
reported for the mean absolute values of FX returns in ref. 9 and
by Evertsz in ref. 1, and for the second moments of the variations
of the Standard & Poor’s 500 economic index in ref. 10. For FX

FIG. 1 a, Data points: standardized probability density P, (Ax) of price changes
Ax = x(t) —x(t + At) for time delays At = 640s, 5,120s, 40,9605, 163,840s (from
top to bottom). The middle prices x(t) = (xyq(t) + Xus(t)) /2 have been used (data provided
by Olsen & Associates (see text)). The probability density has been calculated in a similar way
asref. 10. Full lines: results of (least-squares) fits carried out accordingto ref. 7; A2 = 0.25,
0.23, 0.13, 0.06 (from top to bottom). For better visibility, the curves have been vertically
shifted with respect to each other. Note the systematic change in shape of the densities. b,
Data points: standardized probability density P,, of velocity differences Py (Av) for a
turbulent flow with Ar = 3.3y, 18.5y, 138y, 325y (data taken from ref. 13, R, = 598.
Here 1 is the Kolmogorov scale, where viscous dissipation occurs. Full lines: results of (least-
squares) fits carried out according to ref. 7; A2 = 0.19, 0.10, 0.04, 0.01.
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market data, it has also been observed that the
kurtosis, which is the ratio of the fourth moment

TABLE 1 Correspondence between fully developed three-dimensional turbulence and

g T % FX markets
and the squared variance, decreases with increasing
time delay, that is, the tails of the probability density Hydrodynamic turbulence FX markets
lose weight™!!. Figure 2a shows the higher-order % i -
moments of the FX price changes. They scale for sgz;a distance 'an:;nf]iaetlfyn

time delays At varying from about five minutes up to
several hours. As in turbulence, the scaling exponents
£, depend on the order of the moments in a nonlinear
way. Moreover, the &, of the FX data are close to the

Laminar periods interrupted by
turbulent bursts (intermittency)
Energy cascade in space hierarchy
((Av)") oc (Ar)*

Clusters of low and high volatility

Information cascade in time hierarchy
((A%)") o (At)*

{, of turbulent data (Fig. 2b). This is also in agree-
ment with the observation that the shapes of the
turbulent and FX probability densities, P, (Av) and
P, (Ax), depend on their respective scale parameters in a similar
way: both show a decrease of kurtosis with increasing scale
parameter’ (Fig. 1a and 1b).

Even though the probability densities P, (Ax) and P,,(Av) are in
principle determined by their moments, this is of little help in
practice because errors drastically increase when calculating
higher-ordér moments from observed data. In turbulence, for
different experimental situations, the change in shape of P, (Av)
has been successfully parametrized using a method motivated by
the energy cascade”®"*. The standardized probability density is
approximated by a superposition of gaussian densities with log-
normally distributed variances. The variance A? of this log—normal
distribution is a measurable form parameter containing informa-
tion on the energy cascade". It is the only parameter that must be

a  qo® ¢
10t [
10°
= 10° |
e eE
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0 1 1 1 L
0 2 4 6 8 10

FIG. 2 a, Scaling of moments ((Ax)") withh = 2, 4 and 6. b, n-dependence
of the scaling factors &, and {, for the nth moments of the probability
densities of FX price changes (squares) and hydrodynamic velocity differ-
ences taken from ref. 22 (crosses) and ref. 23 (triangles). Note the same
qualitative deviation of all curves from a straight line.
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adjusted to the data. Applying this method to the FX market data
yields a surprisingly good fit (Fig. 1a). Although the data in the
centre dominate the fit, the agreement is reasonable also as
regards the tails of the probability densities as long as the time
delay is shorter than about two days. This is in contrast to fits with
Levy distributions which significantly deviate in the tails'®. The
parameter A%, which measures the spread of the variances of the
superimposed gaussians (that is, the variance of the log—normal
distribution), decreases linearly with log Ar (Fig. 3). This result
further confirms the similarity of the statistical behaviour of FX
markets with the classical picture of turbulence as given by
Kolmogorov’™. In particular, it verifies the scaling of the
moments, ((Ax)") o (Af)™, in an independent way.

An important aspect of turbulent flows is their intermittent
behaviour, that is, the typical occurrence of laminar periods which
are interrupted by turbulent bursts. In FX markets this corre-
sponds to clusters of high and low volatility'?, which give rise to
relatively high values of the probability densities P, (Ax) both in
the centre and the tails. This particular aspect is well reproduced
for time delays smaller than two days by the proposed log—normal
superpositions of gaussians. However, long interruptions of the .
trading process (particularly during weekends) affect the prob-
ability densities and lead to deviations from the expected shape.
Hence, we conclude that the range which is governed by the
information cascade has an upper limit. We note that in turbu-
lence also there is an upper length scale, where the energy cascade
sets in and beyond which scaling fails.

Different types of models have been proposed to describe the
statistical characteristics of price differences of financial indices
as, for example, the behaviour of the volatility. Prominent
approaches are models using mixtures of distributions'*** and
ARCH/GARCH-type models®® (see, for example, the overview
in ref. 21). But these studies do not address the scaling behaviour
of the probability distributions of FX price changes.

It is unlikely that there is a set of a few partial differential
equations (like the Navier Stokes equations in hydrodynamics)
which might serve as a model of FX market dynamics. More
striking is the similarity of the two phenomena, which is accounted
for by the existence of a cascade in both cases. This has prompted
us to introduce concepts of turbulence in the description of FX

0.4 ;
03 f
A2 o2 i BRI 1
0.1 s T
o 5
10 103 105
At

FIG. 3 Dependence of the form parameter 4% on At (in seconds).
769



1A4a41s
1. 414
ﬁ413
-A412
.41

.44

Ttest.otx<t” —_—
< = <> <> <>
e
<> > <> %
—
- v <> A <=
— > =<t 2 == 2> —
> <+ £ x> pV S
S < == > <4 o> <
s> <2<
* <> > <&
<=
— % <z — = b =~ <% —
y =
<> K <> = = <5 * <> <
- 2= > < S <= <= K <= =
<> J
< <
<> < <
— <> < S > <> —
< -
2=
10 =20 30 a0 50 SO 7O sS0 9220 100
(11}
Ttest. .ttt —_—

10

100



Nelel=—4

oo=

Nele s

Nelel—4

s 2= . EEZELFELL

TsausddermTtt

=00

—

Tsaos==a""

V1
na
I

=00




&L 15A—KJL
EEX(X20014

~2004 4 (ZH\F

TIFEHM ¥
TER/DMEHRE
ZHRIDIZTHhIh T

AV




ALt ESME A DX R

&L NEAES
REE Av i+ 2= Ax
22 el D iR {3 BE B8] 0D SR {2

Ar At

(Av)") o(Ar)> | ((AX)") oo(At)




; : ] —
"data.pr o
- Jdata.n3” __J‘
0.0001 n= 2 /@/@«/ data.n5" —H— | i
1e-006 -
1e-008 = -
—
> =
=]
1e-010 -~ —
le-012 3
le-014 5
1e-016 " & , , ‘ 10 . - S . =i
1 10 100 1000 10000 100000 1e+006
10 10 10 10 10 10 10

KB TR R R[] COER
GhashghaiebDHX (H) EFIFRILERZBIR



NEAEBET—3

T F—5%

9
|
\Ay
R

FX1 1992~19934 $9147 8
IRV T A) AR L

FX2 1995~20014F #310005
HARHAX7ZA)ARIL

AT —%

TRB zoozfisﬁ(:.g.mﬂ:%wﬁuu 2575 &
RREERIZKYFGon=-7—%4




1.JEXRZE 2%

AR, ELUIL@T—/}”& (AN

ENVDIERZEE 5
—_ C

o t:BFZ

o X(t): BFZItT DS

o Ax=x(t)-x(t+At)

WERDB.

o r:pREH

e v(r): EEBErCDERE

*Q%AX LJ

)d#

e Av=v(r)-v(r+Ar)

ETH(AL ArELNVS D IET—2 EThtick%

B EL=RIZLIETHS)



tick D 5 BA

F—%

© 0 ~N o O~ WN B

~ P B
N B O

1.41185
1.412
1.4113
1.41175
1.4107
1.41145
1.411
1.4118
1.4108
1.4115
1.41175
1.411

At=5DIF
Ax=0.0004

« BB TIEEEI&EIC
T—3HEonTEY.

— |H

EIA1THhNng

E(Z1tickT—42H 18

Z TS,

o At=5&E0LVDD(E5tick
2 RKLTHRY.
X(t)-x(t+A) I EIZR
LTWWSZETHS,



\¢

FX10 B H 537

1000 \ ‘

P(AX) o

100

10

-0.004 -0.002 0 0.002 0.004

1 (At=50)

+;«+
F&}
Nt
S

o FX1DFER
e IF "%




Ay Fe il

« LJ45% \?H’E‘RT(Z) ITHWT

1
— -Bl
OL,B (X) T 2'TC _OO§

o INTFA—Ro=2DIFZE . 1

k|* lkxdk o (2)

IEFRmELT5,

ERZHANTERMAEICEVNTHIEED

ZavhERETV=,

- =

L4153 Ic&kBT1vb



L4 mERWN=D0yT429
P(AX) e

FX1D N HEIFIF—EL TS,



P(Avi

0.01 -

A ' ' w
+ TRBODFEEZE 577 (Ar=40)
«0=1.8DL 1%

2 3




/\

ﬁﬁﬁ%‘in il lj:"‘EML'CL\%)& = 7?.%)




» TRBTD R —
IWEBRDT 57

° Ar—40~700)§:"

L

HTR—7 %

11

Ei&o’(b\éo

e FX1TDORT—
IWEMMD TS5
At—50~1000)€-

#|C kil
EEE’J’CL\%)O




Ar— )L Z A

s LIARRIERDISIGHEZTT

P () =X"P (K*X)  +=(3)

c QRIFRT—IZTEENHEAHATETELSHP
D PO, FhEFhRE—HFICELS
ZETEEIRL TS,

o« BIZAt(Ar) IZEEHILTULNS,




T2 KB BEETEG Do

10000 T ]
— "D50_1.6" ]
e o At=40-1000)
"D80 1.6" —— ] Ve
e EAFTo=1.6
1000 f
100 f
10 | / |
; /s
[ /]

-0.0006 -0.0004 -0.0002 0 0.0002 0.0004 0.0006



FORA: [REAEFEE:P0)

« R7—ILE#BTHW =)
P, (X) = K1P, s (K1°X)  ++(3)
IZBEWLVT. x=0&TF HE@)RDFLNSD,
Pa,m (0) = xllapa,ﬁ (0) ++(4)

» RE@HAHI FTICRTCET, R7—
)OO EEICEWLWTEBEMNERENS,




log( P(0, At)) = 1 log( At) +log C
4
log P(0)

slope=—1/a

log At



» TRBDR R [E]/7mE

« BB LREIFRIZA
—ILEHTKD
=R —1)>2 7 5E1E
T. EfHNENT

« FX1DJF mElfEER
« RY— w#@r*m

=R —1)2 T 4B
T. "E"fit)\fﬁhf(,\
Ao




FX1DE—AFDIEEE

T
"katamuki" &

x/3+0.12

10

e N<K3TEHEN/3+0.121ZHE-> TS,




TRBDE—AUMDIEH

3.5

"katamuki" &
x/3

a)b-

. n<3—CEﬁn/3( 1on'CL\%>

D



E—AMDEELL

+=U

1A DE—AVEDIEHZRAN-IER.

« AEDEHE: -FX1n/3+0.12
FX2 n/3+0.2

BLIDIEEC: n/3

U RICEVWTGELWAR oSN, liE LD

tEEAn/3L7EY R

LTLDEEADS



+=A
a aff

A

1. ﬁ%—&%‘ Ed ki
2. DD E—AEDRITEE
3. E&FEn

LAL.

B LELMOELR

WY N kA i i

MEBDIATTA)T4EFHRS

ET—FDHEEMEICEEGLHEEN

BEnd.




[ 8 =L

« LIARTD T4 e T HEOBIER S
(BAHERDT1UH)

o FULERGT DT 1y :P(0)

« FEBTDIT Vb RETMDASTER




ZARTENDEE



Oct.13,1992 $/¥ bid ask $/M bid ask M/¥ bid ask

tme  $/%bid §/¥ask tme  §/Mbid $/Mask time  M/¥ask M/¥ask
170432 1214 12145 170438 14692 14698 170328 826 82064
71232 1133 12143 170600 14685 14695 170610 8262 8267

(A) ¥>M—$— ¥

82.64 yen— 1 mark — 1/1.4698 dollar —
121.4/1.4698 = 82.60 yen
(B) ¥>%5—>M—¥

121.45yen—1dollar—1.4692
mark—1.4692 X 82.6= 121.36 yen



Find time Interval where either
R, >1 or Ry >1

_$/YDb
"~ ($/M.a)-(M/Y.a)

- $/M.b
® T (Y/M.a)($/ M.a)

A

Usually both are < 1.

Occasionally one of them > 1.
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Arbitrage chance on Oct.1, 1992
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How long each chance lasts?

P(t)=0.33
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T="744

How long did it continue each

time?
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$/¥ w|bid wl|lask =|$/M =|bid w|lask = |M/¥ w|bid w|ask *|¥ $M¥ w|¥ M $ ¥ -|

0:00:14 1.4116 1.4121
0:00:32 119.9 120 1.4116 1.4121
0:00:42 119.93 119.98 1.4116 1.4121
0:00:48 119.93 120 1.4116 1.4121
0:00:54 119.93 120 0:00:54 1.4108| 1.4118
0:01:06 119.93 120.03 0:01:00 1.411 1.412
119.93 120.03 1.411 1.412 0:01:02 84.9 84.95| 0.998033 0.999838
0:01:12 119.9 120 1.411 1.412 84.9 84.95| 0.998283 0.999588
119.9 120 O0:01:18 1.4115 1.412 84.9 84.95| 0.998636 0.999588
119.9 120 0:01:24 1.4107 1.4117 84.9 84.95 0.99807 | 0.999801
0:01:30 119.95 120.05 0:01:30 1.4115 1.4125 84.9 84.95 0.99822 0.999651
0:01:42 119.9 119.95 0:01:36 1.4113 1.4123 84.9 84.95 0.998911 0.999376
0:02:06 120 120.05 0:01:42 1.411 1.412 84.9 84.95 0.997867 1.000422
0:02:12 120 120.1 0:01:54 1.4118 1.4128 84.9 84.95| 0.998017 0.999855
0:02:18 120 120.1 0:02:06 1.4113 1.4123 84.9 84.95 0.997663 1.000209
0:02:24 120 120.05 0:02:18 1.4115 1.413 84.9 84.95 0.99822 0.999714
0:02:30 119.97 120.02 0:02:24 1.4105 1.4115 84.9 84.95 0.997762 1.000526
0:02:42 119.95 120.05 0:02:30 1.4115 1.4125 84.9 84.95 0.99822 0.999651
0:03:00 119.95 120 0:02:48 1.4115 1.4125 84.9 84.95| 0.998636 0.999651
0:03:14 119.95 120 0:02:54 1.4116| 1.4121 84.9 84.95| 0.998707 0.999934
0:03:26 119.9 120 0:03:06 1.411 1.412 84.9 84.95| 0.998283 0.999588
0:03:32 119.98 120.03 0:03:20 1.4105 1.4115 84.9 84.95| 0.997679 1.000609
0:03:38 119.92 120.02 0:03:26 1.4115 1.4125 84.9 84.95 0.99847  0.999401
0:04:04 119.95 120 0:03:52 1.4108 1.4118 84.9 84.95 0.998141 1.000147
0:04:10 119.9 120 0:03:58 1.4114| 1.4121 84.9 84.95 0.998566 0.999517
0:04:28 119.91 119.98| 0:04:04 1.4113 1.4118 84.9 84.95 0.998661 0.999813
0:04:42 119.95 120 0:04:10 1.4114| 1.4121 84.9 84.95| 0.998566 0.999934
0:05:04 119.9 119.95 0:04:28 1.4102 1.4112 84.9 84.95 0.998132 1.000155
0:05:20 119.91 119.96 0:04:34 14112 1.4117 84.9 84.95| 0.998757 0.999884
0:05:34 119.88 119.95 0:04:46 1.4105 1.4115 84.9 84.95| 0.998345 0.999775
0:05:54 119.85 119.95 0:05:00 1.4113 1.4123 84.9 84.95| 0.998911 0.998959
0:05:58 119.9 119.95 0:05:14 1.4103 1.4113 84.9 84.95| 0.998203 1.000084
0:06:04 119.85 119.92 1.4103 1.4113| 0:05:18 84.93| 84.96 0.998806 0.999549
119.85 119.92 0:05:26 1.411 1.412 84.93| 84.96| 0.999301 0.999054
119.85 119.92 0:05:40 1.411 1.4125 84.93| 84.96 0.999301 0.9987
119.85 119.92 0:05:48 1.4105 1.4115 84.93| 84.96 0.998947 0.999408
119.85 119.92 0:05:54 1.4105 1.4115 84.93| 84.96 0.998947 0.999408
119.85 119.92 0:05:58 14111 1.4116 84.93| 84.96 0.999372 0.999337
119.85 119.92 0:06:04 1.4103 1.4113 84.93| 84.96 0.998806 0.999549
0:06:10 119.85 119.92 1.4103 1.4113 84.93| 84.96 0.998806 0.999549
0:06:22 119.85 119.95 0:06:22 1.411 1.412 84.93| 84.96| 0.999052 0.999054
0:06:42 119.85 119.92 0:06:36 1.411 1.4115 84.93| 84.96 0.999301 0.999408
0:06:52 119.85 119.95 0:06:46 1.4105 1.4115 84.93| 84.96 0.998697 0.999408
0:07:00 119.87 119.92 0:07:00 1.4102 1.4112 84.93| 84.96 0.998735 0.999787
0:07:06 119.85 119.9 1.4102 1.4112 84.93| 84.96 0.998901 0.99962
0:07:16 119.85 119.95 1.4102 1.4112| 0:07:10 84.92| 84.97 0.998368 0.999502
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Accumulated distribution P(T) for 1 day
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USDJPY1995.1.2—2001.4.12(200000%50)
Depth=1 P(1]/0) and P(1|1)

PO o

0.8 b
<W
0.6 i




Depth=3
P(1]000),P(1]001),P(1]010), P(1]011),
P(1]100),P(1]101),P(1]110), P(1]111)




Depth=4 P(1/0000), P(1/0001), etc.
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Depth=5 P(1/00000), P(1]00001), etc.




Depth=6 P(1]000000),P(1]/000001),

etc.
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Depth=6 P(1]000000),P(1]/000001),

etc.
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7 P(1/0000000), etc.

Depth




7 P(1/0000000), etc.

Depth




Memory depth from M(x:y)

M(X,y) = H(x)-H(x| y)
=- 2, P(x)log, P(x)+ 2 24P(x|y)log,P(x|y)

0.18 | T T T T T T T lujC\Ut-Sll T

' m=3and 4

'ujcut-s2'
0.175 - m:3 ’ 4 e e — Mﬂjgﬂt?ww overld p
0.17 - |11::22 ‘[/7
NoO more
0165 | - information
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Result: Predictability based on GA leaning

)
N

memory length
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Predictability after sufficient learning
period (1600-2400)

From the top to bottom N=2,3,4,5,1
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54 1f Predictability up to 3,4 ticks

Rate of correct predictions
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Histogram of price increments
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After the move of =m

One point represents condtional probability over 2500ticks

Crossings of two lines



Conditional Probabilities After a Rise by

P(DOWN]|+m)
P(UP|+m)
— =)
P(FLAT|+m)




More states

- &)
down: 0
flat : 1 =)
up : 2
a )
H = hyh,hs" = hy
h. €1{0,1,2,3,4]
- /

D)

-

D Down more than 0.01 : 0
Down by 0.01 1
flat 1 2
Up by 0.01 1 3
up more than 0.01 4

Y,

History types = 5N



New Method with Size Effect and
Discovery of Two Phases

* Not only the direction of move but also
the size of price moves must be taken into
account in this new phase.



Comparison : Basic Method (dashed)

Prediction Rate [%]

vs. New Method (solid) for N=3.

80

75 ¢

70 ¢

45

40

65 |
60 |
55

50 |

,,,,,
.

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

,,,,,,,,

Basic Method

New Method

,,,,,,,

Jnmena®” N
R
\
1
\
i

500

1000
Term

1500 2000

2500



TOZNILIER B ENEIR DA

Labeling Different Phases by Means of
Technical Indicators

Consiructing a Prediction Generator



Technical Indicators

e Trend Indicators
— MA (Moving Average)
— MAD (Deviation MA) =) [price direction}
— EMA (Exponential MA)
— MO (Momentum)
- MACD
(Moving Average Convergence and Divergence)

e Oscillator Indicators
— RSI (Relative Strength Index)
— RCI (Rank Correlation Index) L
— PL (Psychological Line)

overbought and
oversold signals




Data: Tick-wise Stock Price
NYSE, 8 symbols, 1993/1/1~1993/12/31

Stock |Business Data size | Tick interval | 10-ticks
symbol | type (ticks) |(s/ticks) (minute)
BBY retail 54821 109 18
SMRT | retail 12525 473 78
APC oil 23685 253 42

BP oil 73562 83 14

CA computer 65051 92 15
IBM computer 455233 14 2

F automobile 194561 32 5

GM automobile 277241 23 4




Example of trend indicator : MA
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Genetic operations & parameters
Genetic operations

o Selection : Elite selection(10%) +
Roulette-wheel selection (90%)
e Crossover : Two-point crossover

e Parameters

— Population: 100

— Generation: 500

— Crossover rate:90%
— Mutation rate: 1%



Combination of indicators selected by GA




GA vs. Non-GA

85

80
[] Non—GA

75 B GA

10

65

60 | |
95 || I
50

SMRT APC BBY CA BP F GM IBM
10-ticks
[(minute)} 18 42 18 15 14 3 4 2

| Symbol

prediction rate




How many indicators
should be combined ?



Prediction rates vs. number of indicators
GM

79

~
oo
o

~
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Correct prediction rate
~
~ ~
~ (&)]

76.5

16
1 2 3 4 9] 6 7 8 9 10

Number of indicators

ﬂ The prediction rate improves when two or more indicators are used




© :very effective
O :effective
A : effective only to a part of symbol_

Evaluation x :Non-effective
Indicator Single |Multiple
Trend MA1l,MA2 © ©
type MAD © O
EMA © ©
MACD X O
MO1,MO2 O ©
Oscillator |RSI A O
type RCI A O
PHL O O

Trend type

X | Oscillator type | is effective




Technical indicators seem to work

e Predict price level 10-ticks ahead
e Combination of several technical indicators by GA

: 1

— Correct prediction in 80% for busy stocks (IBM,
GM)

— 65% for average of eight stocks
— Best result given by combination of 3-5 indicators

— Poor performance on slow stocks can be explained
by the large tick intervals (approx.1-hour)

— Our method should perform well for other popular
stocks or foreign exchange rates
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Result: Forecast of 10 ticks ahead

Hitting rate for FX (%)
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Hit Rate(%)

Predictability of 10-ticks ahead

0
APC BBY BP CA F GM IBM SMRT

Symbol
=) 60%gE



Hit Rate vs. Prediction Term

$/¥ rate(2000)
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Evaluate velocity and acceleration

p(t)= A+ Bt
A A

.. . Velocit
Initial Price *~ "

price

7N

Initial Price [ acceleration

Initial Velocity



L 2 Dimensionless parameters }
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Set up conditions

1
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Step 2 :
Pattern Classification by dynamical parameters :
:

I
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I

Step 3
Construct Prediction Strategies
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Hitting rate at 1 tick ahead (USD/JPY 2000)
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Hitting rate at 10 ticks ahead (USD/JPY 2000)
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Improved Prediction Rates

74
72 - [ 1 tick ahead ]
Present
70 t
%68 - Past
Fi-p"i_\\.
66 [
Present
64 |- [ 10 ticks ahead }
Past
62 1996 1997 1998 1999 2000

Hitting rates improved for all years ("96-'00)



Improved hitting rate USD/JPY

69 |
Present result .

68 | 1 tick ahead

67 -///Past. result

66 I

65 |
64 F Present result [ 10 ticks ahead }
63 | Past result

62

Hitting rate [%]

1999 | 2000

Current result vs. old result in 1999-2000



Hitting rate in a year of 2000
(Predictina 10tick ahead data of LISD/JPY)

10 | Present method
54 65
H
: \
M- 60

Past method
55
2000/01/03 2000/12/31

Hitting rate in a year (2000)



Hittina rate vs. number qEgastesns,
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Prediction Rate vs. Pattern Length
« USD/JPY(2000) / Prediction at 10 ticks
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Classifying time series pieces by SOM

-

@ Cut tick data into pieces

o

v

[@ Pattern classification

|

v

of time series pieces

[@ SOM classification

N
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¢

Prob. occurrence of 9 patterns
9 X 9 =81 transition prob.




Result of classification

@ SOM classification of weekly pieces in 2000

e
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<" Stable patterns over 1-







Result : SOM Classification
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Cross Correlation Spectra

compared with
Random Matrix Theory

Applied on tick data

NYSE-TAQ 1994 vs. 2002



Use of Random Matrix Theory
How can we separate significant information

from the flood of randomness ?

¥

A good recipe Is given by

V. Plerou, P. Gopikrishnan, B. Rosenow,
L. A.N.Amarmal, T. Guhr, H.E. Stanley,

“Random matrix approach to cross correlation
in financial data”,

Physical Review E 65, 066126, 2002.



Recipe 1 Correlation Matrix

Cross correlation between Stock- 1 and Stock- |

Ci; =

X921

Xk

XN 1

15
= — 2 X, X;:
|-k iLk™jk
X112 X1L \'/:
X929 Xo)
XN 2 XN L

Price time series of
Stock-1

Data at every tick (k=1,..,L) for all N is needed!



Trouble of tick-wise stock prices

S1 I | ||
52 | |
S3 ||
s4 | | | |
ss [ | | [ | I
k=1 k=2 k=3
(1 pm) (2 pm) (3 pm)

1) Time intervals between ticks are not regular
2) Not all symbols have values at every k



N T means L |
« |L=1,512 forevery 1 hour

(10 am-3 pm = 6 pts X 252days =1,512)
e 1994 NYSE-TAQ : N=419
« 2002 NYSE-TAQ : N=569

? w0l g
Stock-1 | NARER N

Stock-2 | | N
Stock-3 | | A A

Use the nearest prices to every hour



[ step recipe
1) Get price time series Sj i (i=1,.., L) for k=1,.., N stocks
2) Compute return time series
Xik =INES; k+1/Si k) =AS; i ISk

3) Compute x; , by normalizing Xix (mean=0, variance =1)

4) Compute cross correlation matrix - 1 sz. X
") L = g ).
5) Solve eigenvalue problem of k=1
CV = AV

6) Compare the eigenvalues with corresponding RMT
7) Discrepancy is the SIGNIFICANT INFORMATION



RMT tells us..
N—oo L—>c9Q=L/N =const.

Eigenvalue (A) distribution is given by

Q (A:=-A)(A-A
Pewr (A) = d TR

1
. =1+ —+2\F (A-<A<A,)




1.2 1

Probability dentity P(A)
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Largest A = 46.2

ﬂ A
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Eigenvalue A
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Eigenvector Configulations(94)

= 46.2 BIG COMPANY BIG COMPANY BIG COMPANY
xz =5.25 GOLD MINING
)y = 5.04 SEMICONDUCTOR SEMICONDUCTOR ~ SEMICONDUCTOR
Ay = 3.90 SEMICONDUCTOR SEMICONDUCTOR ~ SEMICONDUCTOR
) = 3.51 OIL OIL oIL
h = 3.41
A, = 3.11 PAPER PAPER
% INNOISE --
% INNOISE FINANCE FINANCE

Mo INNOISE AUTOMOBILE AUTOMOBILE COMMUNICATION
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random number
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Eigenvector Configulations(02)

= 166.4 BANK BANK BANK
Xz =20.6 FOOD FOOD FOOD
Ay =113 ENERGY ENERGY ENERGY
A, =8.6 FOOD FOOD FOOD
As=1.7 ENERGY ENERGY ENERGY
Ag=6.5 ELECTRIC ELECTRIC ELECTRIC
A, =05.8 FOOD FOOD FOOD
Ag=95.3 RETAIL RETAIL RETAIL
Ay =4.1 METAL METAL METAL

Mo =4.0 COMMUNICATION COMMUNICATION COMMUNICATION



1 hour data vs. daily data

1. Qualitatively almost same obtained
2. More random in 1 hour data

3.1994 are consistent with Gaussian RN, while
2002 data seems different

(need filtering ?)



Future perspectives

4. Analysis of all the years between 1994 -
2002 ongoing

5. Other markets, e.g. S&P500, TSE, etc.
6. Other kinds of data, e.g.,

« Demography

« Climate

« Earthquake, etc.



